In this paper, we address nonlinear control and reduction of two classes of high-order underactuated mechanical systems with kinetic symmetry called Class-I1 and Class-I11 systems. Class-I1 systems are underactuated systems with unactuated shape variables, decoupled inputs, and integrable normalized momentums (all to be defined). We show that all Class-I1 underactuated systems can be transformed into cascade systems in nontriangular quadratic form using an explicit change of coordinates and control. In addition, we characterize a subclass of Class-I1 systems, called Class-I11 systems, that can be explicitly transformed into cascade systems in strict feedforward form. This allows application of existing nonlinear control design methods like nested saturations and feedforwarding to control of underactuated systems 1
Introduction
Control design and analysis for underactuated mechanical systems is currently an active field of research. The importance of underactuated systems is due to their broad applications in robotics, aerospace vehicles, and marine vehicles. In addition, restriction of This paper is part I1 of a series of articles that aim to address reduction and nonlinear control of broad classes of high-order underactuated systems. In [5] , it is shown that underactuated systems can be essentially classified to eight main classes that overall cover the majority of the aforementioned real-life applications. In part I1 of this paper, we focus on reduction and control of underactuated systems with unactuated shape variables, integrable normalized momentums, and decoupled inputs (all defined in section 2). We r e fer to this particular class of underactuated systems as Class-I1 systems.
The reduction and control of underactuated systems with actuated shape variables and input coupling are addressed in parts I [7] and I11 of this paper, respectively. The outline of the paper is as follows. In section 2, we provide some background on dynamics and symmetry properties of underactuated systems. In section 3, we present our main reduction and stabilization results. In section 4, we give a detailed example. Finally, we make concluding remarks.
Underactuated Systems w i t h Symmetry
In this paper, we consider the class of simple Lagrangian systems with configuration vector q = col(q,, q.) E Q5 x Qs, configuration space Q = Q z x Q, of dimension n, and Lagrangian
.
C(q,4) = K -V = -qTM(qs) 4 where T E Rm and F(q) = col[F,(q),F,(q)] is the force matrix. We say the mechanical system in (1) is an underactuated sys- 
q).r).
For the sake of simplicity of notation, we assume dim(Q,) = dim(Q,) (the general case can be found in [5] (chapter 4)).
By reduction, we mean transformation of the mechanical control system in (1) into a cascade nonlinear system in the form using a smooth invertible change of coordinates and control (i.e. diffeomorphism) Remark 1. Notice that, in general, a system with Lagrangian that is considered here does not possess symmetry properties in the classical sense according to [Z] , unless V(q,,q,) = V(qz). As a result the generalized momentum p, = aL/i3qZ conjugate to qs is not anymore a conserved quantity for the unforced Lagrangian system. This is a fundamental difference between kinetic symmetry and classical symmetry. 
80s
We define the normalized momentum conjugate to qs over U as
We say the normalized momentum T, is integrable, if there exists a smooth function h(q) = (h!(q), . . . , hm(q))T such that r8 = h where h := Dh(q)q and Dh(q) = ( V h l ( q ) , . . . , Vh,(q)). Whenever rs is integrable, we call h(q) the integral of r s . Now, we are ready to define Class-I1 underactuated systems. Definition 1. (Class-I1 systems) We refer to the class of underactuated mechanical systems with unactuated shape variables, decoupled inputs, and integrable normalized momentum ns as Class-11 underactuated systems.
We find the following quadratic forms convenient for representation of the normal forms of Class-I1 underactuated systems.
Definition 2. (Vector Quadratic Forms)
Consider a mapping C : R p x R" t R" defined by
where II(z) : RP t Etnxnxn is a cubic matrix with layers n;(z) : R p --t Rnxn,i = 1, ... ,n which are square matrices. We call C(z, U ) a vector quadratic form in U .
Main Results
By definition, any Class-I1 underactuated system satisfies the following assumption. Here is our first main result on reduction of Class-I1 underactuated systems: 
with (1 cubic weight matrix n(qS) and
Proof. See page 66 in [5] . We need the following definition, before presenting our next result. The following theorem provides sufficient conditions such that Class-I1 underactuated systems can be transformed into feedforward nonlinear systems using a change of coordinates in explicit form. 
Example: The Pendubot
In [5] , it is shown that the pendubot, the rotating-pendulum, the planar cart-pole system, the beam-and-ball system, and the inertia wheel pendulum [6] , are all examples of Class-I1 underactuated systems. Among all of them, only the cart-pole system and the inertia wheel pendulum are Class-I11 systems. Here, we provide the details for reduction of the pendubot. Apparently, q8 = q2 is a n unactuated shape variable for the pendubot. Thus, the pendubot is a Class-I1 underactuated system. After a noncollocated partial feedback linearization process, one obtains qz = U. Now, applying the change of coordinates arctan ( p t a n ( F ) ) c + b
where Clearly, the equation of pT consists of a quadratic term in (pF, p,) and a reduced gravity term gr(q7,q.) = m~l2gsin(q~--(q,)+q.) as in Theorem 1.
Conclusion
In this paper, we presented explicit change of coordinates for reduction of high-order underactuated systems with unactuated shape variables, decoupled inputs, and integrable normalized momentums (i.e. Class-I1 systems). Under further conditions, we showed that a subclass of Class-I1 systems called Class-I11 underactuated systems can be transformed into nonlinear cascade systems in feedforward form. We provided several examples of underactuated systems with unactuated shape variables, and applied our results to reduction of the pendubot.
